We address quasinormal modes of compact objects in several alternative theories of gravity. In particular, we focus on black holes and neutron stars with scalar hair. We consider black holes in dilaton-Einstein-Gauß-Bonnet theory, and in a generalized * jose.blazquez.salcedo@uni-oldenburg. scalar-Einstein-Gauß-Bonnet theory. In the latter case scalarized black holes arise, and we study the stability of the different branches of solutions. In particular, we discuss how the spectrum of quasinormal modes is changed by the presence of a non-trivial scalar field outside the black hole horizon. We discuss the existence of an (effective) minimum mass in these models, and how the spectrum of modes becomes richer as compared to general relativity, when a scalar field is present. Subsequently we discuss the effect of scalar hair for realistic neutron star models. Here we consider R 2 gravity, scalar-tensor theory, a particular subsector of Horndeski theory with a non-minimal derivative coupling, and again dilatonic-Einstein-Gauß-Bonnet theory. Because of the current lack of knowledge on the internal composition of the neutron stars, we focus on universal relations for the quasinormal modes, that are largely independent of the equations of state and thus the matter content of the stars.
Introduction
The discovery of gravitational waves has led to a new era in physics and astronomy [1, 2, 3, 4, 5, 6, 7, 8] , where multi-messenger observations including and triggered by gravitational waves promise to elucidate some of the most intriguing and at the same time cataclysmic events in nature.
The emission of gravitational waves as produced by colliding black holes and neutron stars in the observed events follows a typical sequence of phases, consisting of inspiral, merger and ringdown. The analysis of the gravitational wave signals received by LIGO/VIRGO has been based on templates obtained on the basis of general relativity (GR), and has led to a good first understanding of the objects involved in the collisions. In particular, the data can be well interpreted by assuming that in five observed events Kerr black holes with (at least in part) rather large masses have collided, merged and formed even more massive black holes. Similarly, the single remaining event (published so far) is well described by assuming that a pair of neutron stars has merged and led to a kilonova, as subsequently confirmed by observations in the full range of the electromagnetic spectrum (see, e.g., [7, 8, 9] and references therein).
In the future further interferometers will start to operate, including KAGRA, LIGO in India, and the Einstein telescope. In particular, with the new and much more powerful instruments a considerably more sensitive analysis of gravitational waves will be possible, allowing for the discrimination/exclusion of alternative theories of gravity as well as of matter models in the form of equations of state (EOSs) of neutron stars. Here of particular interest will be the detailed study of the ringdown phase of the final compact object, which should allow to extract further information on the gravity theory and -in the case of neutron stars -on the matter composition (see e.g., [10, 11, 12, 13] ).
The ringdown of the final compact object is dominated by its quasinormal modes, which may be considered as the eigenfunctions of some master equation(s), describing the first order deviations from an appropriate stationary solution, such as the Kerr black hole (in the case of GR) or some rotating neutron star model with a given EOS. Perturbations of black holes and neutron stars have been studied for a long time, starting with the work of Regge and Wheeler, Zerilli, and Thorne and Campolattaro [14, 15, 16] , and excellent reviews on quasinormal modes of compact objects are, for instance, found in [17, 18, 19, 20] . The study of the quasinormal modes of compact objects does also allow to assess their mode stability.
Whereas quasinormal modes of black holes and neutron stars have been widely studied in GR by now, much less is known about quasinormal modes in alternative theories of gravity. Indeed, various theoretical and experimental reasons indicate that GR should be modified in strong gravitational fields. Therefore black holes and neutron stars represent valuable astrophysical labs to probe gravity in order to affirm, constrain or discard alternative theories of gravity [21, 22, 10] .
In various alternative theories of gravity the Schwarzschild and the Kerr solutions of GR also represent solutions of the new generalized field equations. However, for instance, in the presence of scalar fields in addition so-called scalarized black holes solutions may arise, as found, e.g., in [23, 24, 25] . In other alternative theories the Schwarzschild and Kerr solutions may no longer be solutions of the new generalized field equations and only be approached in some limit, while the black hole solutions of the theory may possess rather different properties, and, for instance, carry scalar hair as shown, e.g., in [26, 27, 28] .
For neutron stars the presence of scalar fields in alternative theories of gravity can likewise lead to scalarized neutron stars, as demonstrated, e.g., in [29] or [23] . Alternatively, neutron stars may also carry scalar hair, as seen, e.g., in [30, 31] , while the GR neutron star solutions are no longer solutions of the generalized field equations. However, for neutron stars their unknown composition and thus EOS represents a further complication when trying to exploit their astrophysical signatures to learn about alternative theories of gravity.
Here a rather useful tool may be provided by the various universal relations of neutron stars (see e.g., the recent reviews [32, 33] ). Whereas neutron star models, and thus neutron star structure and quasinormal modes, depend typically strongly on the specific choice of EOS, there are various universal relations, i.e., almost EOS-independent relations, between properly scaled neutron star properties. Such universal relations arise not only for neutron stars in GR, but also for neutron stars in various alternative theories of gravity [32, 33] .
While there is a large variety of alternative theories of gravity, we will here focus on a subset of theories, which all either contain a gravitational scalar field like scalar-tensor theories [34, 35, 36, 37] , extended scalar theories [23, 24, 25] , Horndeski theories [38, 39, 40] , and string theory motivated dilatonic theories [41, 42] , or alternative gravity theories which can be reformulated in terms of a scalar field like f (R) theories [43, 44, 21] .
In all cases, we will discuss the quasinormal modes of black holes or neutron stars, considering mostly axial quasinormal modes for simplicity, when the much more involved calculation of the polar modes has not yet been done or is still in progress. We will see that the presence of the scalar field can lead to significant changes in the mode spectrum. In section 2 we will provide the general formalism for calculating quasinormal modes, and we will describe a set of appropriate numerical methods. In section 3 we will discuss the quasinormal modes of black holes in scalar-Einstein-Gauß-Bonnet (sEGB) theory, addressing first dilatonic black holes and then scalarized black holes. The quasinormal modes of neutron stars will be presented in section 4, considering R 2 gravity, scalar-tensor theory (STT), Horndeski gravity with non-minimal derivative coupling, and dilatonic EinsteinGauß-Bonnet (dEGB) theory. We will conclude in section 5.
Quasinormal modes: general formalism
In this section we address the general formalism to obtain the quasinormal modes of black holes and neutron stars, We start by considering the static spherically symmetric background configurations of these compact objects. Subsequently we consider their first order perturbations and present, in particular, the decompositions of the perturbations in the axial and polar channels. We discuss the asymptotic behaviour of the solutions, and present numerical methods to solve for the modes, focussing on the "shooting" method and exterior complex scaling.
The backgrounds
Let us start by addressing the general formalism employed for the static spherically symmetric background configurations, for which the perturbations of the various fields present in the respective systems then have to be performed.
The gravitational field will be described by a metric, which at zeroth order will be static and spherically symmetric, and denoted by g (0) . We parametrize this metric by the standard Ansatz
where F (r) and K(r) are functions of the radial coordinate r, associated with the respective background metric. Since we are interested in astrophysically relevant solutions, the asymptotic behaviour of the metric as infinity is approached, is (in all cases considered) given by
, with M determining the total mass of the configuration. When studying neutron stars we have to take into account the matter that composes the star. For all practical porposes we can treat the complicated matter inside the star as an effective perfect fluid, which is parametrized by three quantities: the pressure p, the density ρ and the four-velocity u of the fluid. The corresponding stress energy tensor is
which in the spherically symmetric case is simply determined by
with u 2 = −1. To describe the nuclear matter, we will assume that there exists a barotropic EOS, relating the energy density to the baryon density and the pressure of the effective perfect fluid. In practice this results in a relation of the form ρ = ρ(p). The EOS describing the interior of the neutron stars is not well understood, and many models have been proposed predicting different profiles for the mass, radius and other properties of the stars. In particular, we will address how the different EOSs affect the quasinormal mode spectrum.
In the models we will consider, black holes and neutron stars will possess a nontrivial background scalar field. This scalar field will also be spherically symmetric, and be parametrized by a single function,
We will focus on solutions with zero cosmological value of the scalar field, φ| ∞ = 0. In general the scalar field decays as φ 0 ∼ D/r, with D the scalar charge of the configuration. However, if the scalar field is massive (as it happens in the case of R 2 gravity), the field decays exponentially.
In practice, the previous Ansatz for the fields that compose the configurations reduces the field equations of the respective action to a system of ordinary differential equations. This is a system for F , K, φ 0 -and, in the case of neutron stars, also p 0 . These functions have to be determined by integrating the field equations subject to certain boundary conditions. These conditions are essentially determined by demanding the presence of a regular event horizon in the case of black holes, and a regular center and a surface in the case of neutron stars, as well as asymptotic flatness in both cases. The lack of analytical solutions means that we have to integrate these equations numerically. We will give more details on the particular properties of the background solutions of each model in the following sections.
Non-radial perturbations
Once the static and spherically symmetric configuration is known, we can employ perturbation theory [16, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54] . Let << 1 be the parameter controlling the order of the perturbation. Then the metric field can be perturbed by generic non-radial perturbations up to second order in :
where h µν (t, r, θ, ϕ) is the metric perturbation. In the presence of matter, we should perturb also the different fluid quantities:
ρ = ρ 0 (r) + δρ(t, r, θ, ϕ) ,
Finally, the scalar field should also be perturbed up to order :
When plugging this Ansatz for generic perturbations into the field equations, and truncating them at linear order in , one obtains a system of partial differential equations for the perturbation functions. This system, although linearized around the background configuration, is very complicated to study.
In order to simplify the problem further, we decompose the angular dependence into spherical tensor harmonics. This is a base of tensors and vectors that allow to decompose the angular dependence in terms of the spherical harmonic functions Y lm (θ, ϕ). This decomposition takes advantage of the spherical symmetry of the background configuration, which allows for the complete decoupling of the angular dependence of the solution. However, the field equations will possess an explicit dependence on the angular number l. (They do not depend on the magnetic number m because of the symmetry.) The spherical symmetry allows to decouple the perturbation equations into two independent channels: axial modes, with perturbations possessing odd-parity under reflection of the angular coordinates
, and polar modes, with even-parity
. Moreover, instead of studying the full time dependent problem, we can perform a Laplace transformation of the fields. In practice this is equivalent to assume a time dependence of the form e −iωt , i.e., a mode decomposition. The resulting field equations do not depend on time any more, but the eigenvalue ω is introduced explicitly into the equations.
The eigenvalue ω, in general, possesses a real and an imaginary part, ω = ω R + iω I . The frequency of the ringdown is given by ω R , while the imaginary part determines if the perturbation is stable or unstable. Stable perturbations are characterized by ω I < 0, meaning the mode decays exponentially with time, and the decay time is τ = −1/ω I . Unstable perturbations have ω I > 0, and explode exponentially with time. We will see the importance of this distinction for the asymptotic behaviour of the perturbations in the next subsection. Let us now give explicitly the Ansatz describing the different perturbations of the fields.
• Axial channel We will start with the axial perturbations. These are the simplest ones. The metric perturbation is given, in general, by
where we have defined
The functions h 0 , h 1 , h 2 depend on r, the angular numbers l, m and the complex frequency ω. The Ansatz can be simplified by choosing the Regge-Wheeler gauge with h 2 = 0.
In the case of neutron stars it is possible to choose the gauge such that the perturbation of the four-velocity is trivial δu
The axial channel is simpler because it does not couple to scalar perturbations. This means that in this channel δρ = δp = δφ = 0 .
Essentially, the axial perturbations give rise to purely gravitational radiation. We will see that the axial quasinormal modes are in general more insensitive to the matter content and presence of the scalar field than the polar modes.
• Polar channel
The polar sector is more complicated. The Ansatz for the metric perturbations can be written as
Again, the perturbation functions N, V, T, L, H 1 , h 0p , h 1p depend on the radial coordinate r, the angular numbers l, m, and the complex frequency ω. Similarly, we can choose a convenient gauge with h 0p = h 1p = V = 0.
In the case of neutron stars, a suitable Ansatz for the perturbation of the four-velocity is given by
where we have introduced the perturbation functions W f and V f . But the polar channel includes scalar perturbations, which means that we have to perturb the energy density and the pressure of the fluid composing the neutron star, as well,
Finally, the scalar field possesses a similar decomposition,
where we have introduced the function Φ 1 that depends on r, l, m and ω, like the metric perturbation functions. With the previous Ansatz for axial and polar perturbations we can simplify the field equations to order . In practice, after some lengthy algebra, the equations describing the perturbations can be written as
where (i) = axial, polar. The matrix U (i) contains the coefficients of the equations, which are given by combinations of the functions of the static background metric (F (r), K(r)), matter distribution (p 0 (r), ρ 0 (r)) and scalar field (φ 0 (r)), the angular number l (there is degeneracy with respect to m), and the frequency eigenvalue ω.
In the axial case Ψ axial = (h 0 , h 1 ). This is a system of two coupled first order differential equations. The equations can be combined into a single second order differential equation, a generalized version of the Regge-Wheeler equation of GR.
In the polar case
for black holes or in the exterior region of neutron stars. This is a system of four coupled first order differential equations, which can be rewritten in terms of two coupled second order equations. In the GR limit these two equations decouple, resulting in the Zerilli equation for the gravitational perturbations, and the test field wave equation for the scalar perturbations.
Inside a neutron star
, which results in a complicated coupled system of six ordinary differential equations that includes the pressure fluctuations. Thus the polar modes are expected to present a richer quasinormal mode spectrum than the axial modes in the presence of matter and/or non-trivial scalar fields, since they couple to the fluctuations of these extra fields.
Asymptotic behaviour
Generically, an asymptotic study of the Eq. (19) for r → ∞ reveals that a perturbation can be expressed as a superposition of two wave solutions,
where A in is the amplitude of the wave falling into the object, and A out is the amplitude of the wave being radiated away from the object. The coordinate R * is defined as a generalized tortoise coordinate, which asymptotically coincides with the standard GR tortoise coordinate.
Since we are interested in studying the resonant frequencies that characterize the ringdown phase of gravitational waves radiated away from black holes and neutron stars, we should consider only solutions that asymptotically have A in = 0. In practice this means that the radial part of the perturbation functions introduced possesses the following behaviour:
Obviously stable and unstable perturbations display a very different asymptotic behaviour. Unstable perturbations possess ω I > 0, which means that the perturbation functions Ψ decay to zero as r goes to infinity. However, stable perturbations with ω I < 0 possess an exponentially divergent behaviour in the perturbation functions. Not only that, but any mode with a non-trivial real part will show an infinite number of oscillations as r goes to infinity. Both the divergent and the oscillatory behaviour are challenging in terms of the numerical study of these modes, which we will discuss in the next subsection.
In the case of black holes, the nature of the perturbations has to be imposed also near the horizon. Gravitational waves should be infalling into the horizon, which means that emission from the black hole or a white hole scenario are excluded. In the case of neutron stars there is no horizon. However, the perturbation functions have to be regular at the center of the star, and continuous across the star's surface.
In any case, it is always possible to perform a perturbative analysis of the perturbation functions close to the boundaries. In order to do so, one needs a perturbative description of the background solution close to the horizon/center and close to infinity. With this perturbative solution, it is possible to obtain a perturbative description of the matrix U (i) of Eq. (19) close to the boundaries. Then one can obtain a perturbative approximation of the functions Ψ (i) . This analytical approximation of the perturbation is very useful for the numerical analysis of the modes, as we will see in the next subsection.
Numerical methods
Let us now briefly describe the numerical methods we use in order to calculate the quasinormal modes. The first step is always the calculation of the background solution. The solutions studied here have to be generated numerically, since no analytical solution is known for the models under consideration.
To integrate the equations we make use of Colsys [55] , a package that allows to numerically solve boundary value problems for systems of ordinary differential equations. It implements a spline collocation method, which automatically calculates and adapts the mesh points in order to achieve a certain required precision on the functions. We integrate the equations employing a compactified coordinate, x. For example, for black holes we take x = 1 − r H /r, while for neutron stars we choose x = r/(r + r S ), with r H and r S the location of the black hole horizon and surface of the star, respectively. The compactification is useful because it allows to impose boundary conditions exactly at infinity. Usually the relative precision of the solutions is estimated to be better than 10 −10 for a mesh with several thousands of points in the compactified coordinate.
Once the background is obtained, we fix the value of l and calculate the quasinormal modes, i.e., obtain the resonant values of ω, that satisfy the various regularity and asymptotic conditions for the perturbations. The results to be discussed in the following sections make use of two different methods, which are described in the following.
• "Shooting" method Between the boundary and r s1 , and infinity and r s2 , we use the perturbative solutions of the perturbation functions (short-dashed curves). With their help we calculate the initial values for the numerical solution of the perturbation functions. One solution is then calculated between r s1 and r 0 (green solid curve), and a second solution between r 0 and r s2 (purple solid curve). These two solutions satisfy the required regularity conditions and asymptotic behaviour. If ω is a quasinormal mode, then both solutions are continuous at r 0 .
The first method is based on "shooting", and is schematically represented in Fig. 1 . This method makes use of the perturbative solution of the perturbation functions that can be obtained close to the boundaries i.e., the black hole horizon/center of the star and infinity. The perturbative solution is used to describe the perturbation in a region extending from the left boundary to a certain value of r, r s1 (short-dashed curve on the left of Fig. 1 ). We impose on this solution the regularity conditions of the boundary. We also use the perturbative solution in a region extending from r s2 up to infinity (short-dashed curve on the right of Fig. 1 ). This solution is required to satisfy the outgoing wave behaviour.
This allows us to calculate initial values for the perturbation equations, Eq. (19), at r s1 and r s2 . We then integrate numerically the equations in a region extending from r s1 to r 0 , which leads to a first solution with regularity at the left boundary (green solid curve in Fig. 1 ). For black holes typically r s1 /r H ∼ 10 −5 . Next we integrate numerically the equations in a region extending from r 0 to r s2 , which leads to a second solution with the outgoing wave behaviour at infinity (purple solid curve in Fig. 1 ). For black holes usually r s2 /r H ∼ 10 2 and r 0 is about (4 − 6)r H . However, these parameters can be adjusted in order to test and improve the numerical results.
These two numerical solutions should be continuous at r 0 , if ω is a resonance of the system. Indeed, it is found that the solutions are continuous (within a required numerical precision) only for discrete values of the eigenvalue ω. This then determines the spectrum of quasinormal modes. To find such values in a systematic way, we implement a numerical procedure to explore the complex plane for ω. Typically we require ω to have a relative precision below 10 −3 or better.
Because of different sources of error (numerical background, limited order of the perturbative solution at the boundaries, numerical integration, etc.), it is easy to generate solutions with some ingoing wave contamination in the right domain of the shooting method. This means that in certain cases, we might find that the resonant ω cannot be determined with sufficient precision. This potential problem can be avoided in certain cases by using the following method.
• Exterior complex scaling
To control the contamination of the numerical solution with an ingoing wave component when calculating the resonant frequencies, we make use of a method based on exterior complex scaling (see e.g., [56, 57, 58] ). This method has been successfully employed for axial perturbations, where the system reduces to a single second order differential equation of the form
Instead of integrating Eq. (22) for the perturbation Ψ, we can rewrite it in terms of the phase function of the perturbation, defining dX dr = gX. This gives rise to a Riccati equation [59] of the form
At infinity, the general solution of Eq. (23) behaves as
Asymptotically at infinity the phase function tends to g(r = ∞) = iω, and this happens for purely outgoing waves, but also for mixed (ingoing plus outgoing) waves. The exterior complex scaling method deals with this issue in the following way. First an analytical continuation of the equation is made into the complex plane, promoting the radial coordinate r to a complex coordinate [60] and parametrizing it as
The parameters r j and ζ are constant, and we restrict them to be arbitrary positive real numbers. The new variable y exists in the interval y ∈ [0, ∞).
With this change, the asymptotic behaviour of the phase function g changes when y → ∞, being
with ξ = ξ R + iξ I and ξ R = ω R cos ζ + ω I sin ζ, ξ I = ω I cos ζ − ω R sin ζ. If we now choose ζ such that ξ I = ω I cos ζ − ω R sin ζ < 0, the condition g(y = ∞) = iω enforces A in = 0, and the solution will describe purely outgoing waves. With this setting, the resulting numerical procedure is slightly different from the shooting method. Essentially, instead of solving Eq. (19) on the right side with r > r 0 , we obtain the phase function on this region using exterior complex scaling with boundary condition g(y = ∞) = iω.
The quasinormal modes are obtained when the left side of the perturbation matches at r = r 0 with the phase function obtained on the right-hand side. Again, this determines within the numerical accuracy the discrete set of values of ω. We implement a search algorithm that minimizes the difference between both solutions at r = r j using the gradient descent by changing the values of ω R and ω I . Once we obtain a quasinormal mode, we test the numerical stability by changing the auxiliary parameters of the scheme, r 0 and ζ. Typically the resonances can be obtained with a relative accuracy of 10 −3 or better.
3 Black holes in scalar-Einstein-Gauß-Bonnet gravity
In this section we will discuss the properties of quasinormal modes of black holes in scalarEinstein-Gauß-Bonnet gravity. The action of this theory is given by
Here R 2 GB is the Gauß-Bonnet scalar (R
, λ is the Gauß-Bonnet coupling constant, and f (φ) is the scalar coupling function. If this function is just a constant, then the Gauß-Bonnet term is topological and consequently has a trivial contribution to the field equations. Otherwise, if the function depends on the scalar field, the Gauß-Bonnet term enters the equations of motion with an extra term in the Einstein equations
where G µν is the Einstein tensor and
and we have defined ψ α = λ 2 df dφ ∇ α φ. The Gauß-Bonnet scalar also enters as a source term in the scalar field equation
Employing the Ansatz for spherically symmetric black hole configurations (Eqs. (1) and (4)), the field equations simplify to a system of ordinary differential equations. With these equations, and by requiring the black hole to possess a regular horizon at r = r H , the following condition for the existence of black holes with a non-trivial scalar field is obtained
where φ H is the value of the scalar field at the horizon. We will see that this condition plays an important role for several physical properties of the configurations, since it essentially translates into a minimum mass for regular black holes. However, this minimum mass has to be determined numerically for each particular coupling. In principle, the coupling function f (φ) can be chosen freely. Some cases of special interest will be described in the next sections.
Dilatonic coupling
Probably the most studied case in the literature corresponds to an exponential coupling function f (φ) containing the scalar field linearly in the exponent. This type of coupling arises in the low energy limit of heterotic string theory with the scalar field being called dilaton [41, 42] . In the following we will refer to this theory as dilatonic Einstein-Gauß-Bonnet (dEGB) theory. The standard coupling of this type can be written as
where γ is a new coupling constant, the dilaton coupling constant, which arises in addition to the Gauß-Bonnet coupling constant α. Note, that in the limit of small γ a linear coupling is obtained, since the relevant dilaton Gauß-Bonnet (dGB) term of the action then reduces to
GB . There are no known closed form solutions for black holes in this theory. Black hole solutions have been studied perturbatively [26, 61] and numerically [27, 62, 63] in the literature (see also [64, 65, 66, 67] for slowly rotating black holes and [28, 68, 69, 70] for rapidly rotating black holes). Let us now recall the basic properties of the static dEGB black holes.
While these dEGB black holes carry a nontrivial dilaton field [27, 62, 63] , the scalar charge D is not a conserved charge of the equations, which means that the black holes possess what is called secondary scalar hair. For fixed values of the coupling constants α and γ, there is a one parameter family of static black holes, characterized by varying values of the mass M or the horizon area A H .
The domain of existence of these solutions is bounded because of condition (32) [27] . This is seen, for example, in Fig. 2 , where the domain of existence of static black holes is shown for several values of the dilaton coupling constant γ. In particular, we show the scaled area of the black hole horizon A H /16πM
2 versus the product of the dilaton coupling constant and the scaled Gauß-Bonnet coupling constant, γζ = γα/M 2 . In the limit ζ = 0 the Schwarzschild black hole is reached, which satisfies A H /16πM 2 = 1 and carries no scalar hair.
For a fixed value of γ the area decreases as the scaled Gauß-Bonnet constant ζ increases. The branch of solutions ends at a maximal value of this parameter, ζ L . In particular, it can be seen that increasing γ decreases the size of the domain of existence, since the value of ζ L decreases with increasing γ. This limiting value of ζ is actually related to a minimum value of the black hole mass. For a fixed value of α, the minimum mass allowed for a regular black hole is M min = α/ζ L . Note that for a fixed value of α, the larger the mass, the more the dEGB black hole resembles a Schwarzschild black hole, retaining just very thin scalar hair. In contrast, the closer the dEGB black holes is to the minimum mass, the more the scalar hair grows. Interestingly, for larger values of γ (γ > 0.913), a secondary branch of dEGB black holes appears close to the limiting value ζ L [27, 62, 63, 64] . We call the black holes on this branch type II black holes. In Fig. 2 (left) we mark these type II black holes by dashed lines. Note, that they are not present in the linear coupling limit. When present, the type II black holes extend from ζ L to some critical value ζ C < ζ L . At ζ C condition (32) is no longer satisfied.
The existence of the type II branches of dEGB black holes means that uniqueness of the solutions is lost. Thus for fixed values of the coupling constants α and γ > 0.913, it is possible to find two different black hole solutions with the same values of the total mass. Indeed, as Fig. 2(left) indicates, these black holes possess different horizon properties (different areas), and they possess different scalar charges.
With these dEGB black hole solutions as backgrounds, the formalism and methods described in the previous sections can be applied to study their spectrum of quasinormal modes. This analysis has been performed in [71, 72] . Let us start by discussing the stability of these solutions.
Type I black holes seem to be free of unstable modes. However type II black holes possess an unstable mode for l = 0. This mode starts as a zero mode for the configuration at ζ L (where the type II black holes bifurcate from the type I black holes). The instability then grows as ζ decreases towards ζ C . We show the eigenvalues of these unstable modes in Fig. 2(right) . The unstable modes are present in all type II black holes for any value of γ considered. The results suggest that, under full time evolution of a small perturbation of a type II black hole, this configuration will develop a radial instability, radiating away some amount of scalar hair, and presumably reaching a stable type I configuration after a time t ∼ 1/ω I .
Let us now consider the spectrum of quasinormal modes for the type I black holes. In GR, the spectrum of quasinormal modes of the Schwarzschild solution is exactly the same in the polar and axial channels. This so-called isospectrality was first shown by Chandrasekhar [73] , by relating analytically the polar and axial equations with a transformation. For the dEGB black holes we are considering here, this is no longer the case.
For instance, consider the fundamental modes of the l = 2 perturbations. We show the eigenvalues ω of these modes in Fig. 3 for the case γ = 1. On the left we show the real part of ω vs the scaled coupling constant ζ, and on the right the imaginary part. The top set shows the axial modes, the set in the middle the gravitational-led polar modes, and the bottom set the scalar-led modes. Here we use the term gravitational-led modes, when the modes reduce to the gravitational modes of Schwarzschild black holes in the limit ζ → 0, while we use the term scalar-led modes, when the modes reduce to the quasinormal modes of a test scalar field in a Schwarzschild metric in that limit.
In the limit ζ → 0, the gravitational-led polar modes coincide with the axial modes, since isospectrality is recovered. But as soon as the black holes have scalar hair, this isospectrality is broken, and axial modes differ from the gravitational-led polar modes. This is clearly seen in the discrepancies between the top set in Fig. 3 and the set in the middle. The frequency rises for the axial modes, while it drops for the polar modes, as the coupling ζ is switched on. The damping times, which correspond to the inverse of the imaginary part of the eigenvalue, differ as well for ζ > 0.
However, not only isospectrality is broken, but also new modes appear in the spectrum. These new modes (shown in the bottom set of Fig. 3 ) are related to scalar radiation. In the limit ζ → 0, these modes connect to the quasinormal modes of a test scalar field in the background of the Schwarzschild solution. When the coupling is finite, the scalar perturbations couple to the metric perturbations as seen in the previous section. Hence these modes also give rise to gravitational radiation.
These results imply that the spectrum of the resonant modes during the ringdown of a dEGB black hole is much richer than the spectrum of a simple Schwarzschild black hole in GR. The isospectrality of polar and axial modes is broken, and the presence of a scalar field sourced non-trivially by gravity introduces more resonances. Clearly, these effects are not exclusive of l = 2 and γ = 1, but they are present for arbitrary values of l and γ.
In this sense, the presence of a scalar field introduces new ways these hairy black holes can radiate. It is well known that in GR there is no monopolar or dipolar gravitational radiation -hence only l ≥ 2 modes appear in the ringdown. However, because of the scalar field these dEGB black holes also radiate monopolar l = 0 and dipolar l = 1 radiation, and these modes could appear naturally in the spectrum of resonances in the ringdown [72] .
In conclusion, the quasinormal mode spectrum of these dEGB black holes is much richer than the spectrum of Schwarzschild black holes, and these extra resonances could have some relevance in the observed spectrum of the ringdown phase of gravitational waves after the merger of black holes. Let us now briefly discuss possible implications of this model in astrophysics. As commented above, the existence of a limiting ζ L translates into a minimum value of the mass of dEGB black holes. It is possible to use this limiting value to obtain an upper constraint on the value of α, using the smallest masses of black hole candidates observed in nature (by X-rays or gravitational waves). Since ζ L depends on the dilaton coupling γ, so does the constraint [72] .
Concerning the modes, we have seen that the largest deviation with respect to the Schwarzschild spectrum arises when the value of ζ L is approached (i.e., the minimum value of the mass). Hence, we expect that when using observations of the ringdown phase in order to (further) constrain the value of the coupling α, it will be more effective to observe the ringdown phase of small black holes (for example after mergers of neutron stars, which are expected to be closer to 2M ). The ringdown of large dEGB black holes will look very similar to the ringdown of Schwarzschild black holes, and the frequencies could be very difficult to distinguish. However, a smoking gun could be the detection of monopolar/dipolar radiation and extra scalar modes in the ringdown phase.
Scalarized solutions
Let us discuss next a new type of black holes with scalar fields, discovered recently in scalar-Einstein-Gauß-Bonnet (sEGB) theory, also referred to as extended scalar-tensorGauß-Bonnet (estGB) theory [23, 24, 25, 74, 75] . If the coupling function f (φ) is chosen to have a quadratic leading term of the form f (φ) ∼ φ 2 , then the theory features spontaneous scalarization of the Schwarzschild solution. This means that scalarized black holes arise for a certain range of the coupling constant, while the Schwarzschild black hole is still a solution of the theory for arbitrary values of the coupling constant. This is clearly different from the dEGB case, where the Schwarzschild black hole is no longer a solution of the field equations. In dEGB theory, the Schwarzschild solution is only approached asymptotically for large values of the black hole mass. In estGB theory, branches of scalarized black holes bifurcate from a discrete set of Schwarzschild black holes at critical values of the mass. We note, that such scalarization of black holes has also been found in other theories (see e.g., [76, 77, 78] ).
In this section we will focus on a particular exponential coupling function
This coupling function captures many of the general properties of other coupling functions such as, in particular, the spontaneous scalarization sourced by R 2 GB , and the existence of multiple branches of black holes. However, this coupling function presents some especially interesting features, and it mimics the coupling function usually considered in spontaneus scalarization of neutron stars in STTs.
In Fig. 4 we show the scalar charge D vs the mass M (scaled with λ), which summarizes the space of solutions for this coupling. The Schwarzschild branch of solutions is shown in black. At some critical values of M/λ, branches of scalarized black holes bifurcate from the Schwarzschild solution. Numbering these branch with an integer number n, this number is related to the number of nodes present in the scalar field φ, as it extends from the horizon to infinity. In Fig. 4 the n = 0 branch is depicted in blue. Interestingly, it bends back to M/λ = 0. The other scalarized branches (n = 1 in red, n = 2 in orange, n = 3 in cyan, n = 4 in green and n = 5 in purple) extend from the bifurcation point with the Schwarzschild solution up to a critical solution, where the condition (32) is no longer satisfied.
Following the same steps as for the dilatonic black holes, one can study the quasinormal mode spectrum of the scalarized black holes. However, so far only radial perturbations have been considered [75] . Interestingly, some simple couplings do not allow for the appearence of stable scalarized configurations. (This is, for instance, the case for the simplest quadratic coupling.) Clearly, not all scalarized black hole branches may actually be astrophysically relevant.
In Fig. 5 we show the unstable l = 0 modes for the black hole solutions with coupling (34). We follow the same color coding as in Fig. 4 , with the modes of the Schwarzschild solution in black, n = 0 in blue, etc. Indeed, the figure shows numerous unstable modes. For instance, the branch of Schwarzschild black holes becomes unstable for M/λ < 0.587, and the number of unstable modes grows, as M/λ decreases, whenever a zero mode associated with the bifurcation of a new branch of scalarized black holes is passed.
The scalarized branches with n > 0 are also unstable, with unstable modes bifurcating from the Schwarzschild zero mode, but also from the unstable modes of the Schwarzschild solution, forming together a tower of modes. For instance, the nth branch possesses n + 1 unstable modes. The n = 0 branch is special, though, because it does not show any unstable mode bifurcating from the first zero mode. However, it possesses an unstable mode in the region of parameter space M/λ < 0.171. This mode is related to the loss of hyperbolicity of the perturbation equations and it will require a more detailed study. Nonetheless, the n = 0 branch of scalarized black holes is free of instabilities, when M/λ > 0.171. This is in contrast to the case of the quadratic coupling, where this n = 0 branch is also mode unstable.
From the analysis of the stability of these scalarized black holes we learn that, for a fixed value of the coupling λ, there exists also an effective minimum value of the mass. The minimum value of the hairless Schwarzschild solution is M min = 0.587λ, and this can be used to constrain the coupling constant using the values of the smallest black hole candidates observed in nature. The spectrum of quasinormal modes of these black holes is the one predicted by GR, together with the scalar modes of a minimally coupled scalar field.
On the other hand, the effective minimum mass of a scalarized black hole is smaller, with M min = 0.171λ. Because of the presence of a non-trivial scalar field, the quasinormal modes that dominate the ringdown phase of these scalarized black holes will be different from Schwarzschild, and they will be qualitatively similar to the ones of the dilatonic black holes: they will feature broken isospectrality, and the spectrum will also have a contribution from scalar-led modes, including monopolar and dipolar radiation. In this case, scalarized black holes can only exist for a limited range of masses, and the influence of the scalar field on the quasinormal mode spectrum is expected to be larger for small scalarized black holes close to the limit M min = 0.171λ. However, a more detailed investigation needs to be done, and will be presented elsewhere.
Neutron stars with scalar fields
In this section we will discuss the spectrum of quasinormal modes of neutron stars in several alternative theories of gravity, that also include a scalar field or can be reformulated in terms of a scalar field. In particular, we address neutron stars in R 2 gravity, STT, Horndeski gravity, and dEGB theory. Like black holes, neutron stars are compact objects, allowing testing of alternative theories of gravity. But unlike black holes, which do not need any extra matter to be sustained, neutron stars are much harder to model than black holes, since they are composed of nuclear matter in a very dense state. As discussed above, the neutron star composition can be described in terms of an EOS, relating the energy density of the fluid to the pressure. However, the EOS is not well known at very high densities, and numerous models for the nuclear EOS have been proposed.
This fact complicates the analysis of the quasinormal mode spectrum, since one has to take into account the indeterminacy introduced in the modes by the lack of knowledge of the proper EOS. In practice, all one can do under these circumstances is to calculate the spectrum for a large variety of EOSs, that have not yet been excluded by observations. In the following we will discuss that the indeterminacy introduced by the EOSs on the mode spectrum can, in principle, compete with the indeterminacy introduced by employing different gravity theories with their currently allowed ranges of coupling constants.
Under these circumstances universal relations may prove to be of great help [32, 33] . Universal relations between global quantities of neutron stars, like the I-Love-Q relations, exhibit for the properly scaled quantities a remarkable EOS independence. In particular, realistic neutron star models satisfy universal relations that are largely matter independent, i.e., these relations are satisfied with rather good accuracy for numerous realistic EOSs. Likewise, there are universal relations between the quasinormal modes and the global quantities of the neutron stars. Such universal relations have been widely studied in GR.
In the next subsections we will address such universal relations for different theories of gravity, and discuss how these relations could be used to extract information about the theory of gravity from observations of the ringdown of a neutron star. Our main focus will be on the axial modes of neutron stars in these alternative theories of gravity. The polar modes will be briefly reviewed since the problem of the calculation of the polar modes in alternative theories of gravity is not fully solved, and most of the studies employ the Cowling approximation, where the spacetime and scalar degrees of freedom are neglected. We will start with a special f (R) gravity, called R 2 gravity [43, 44, 79, 21] .
R 2 gravity
In this subsection we discuss the axial perturbations of neutron stars in f (R) gravity with Lagrangian f (R) = R +ãR 2 . However, instead of using the f (R) action and field equations, we will analyze the equivalent STT in the Einstein frame. A detailed discussion of the connection between the f (R) theory and the STT in the Jordan and Einstein frames can be found in [80, 81, 82] .
The action of the theory in the Einstein frame is given by
with the coupling function A(φ) and the potential V (φ),
Note, that the coupling function A(φ) enters into the matter Lagrangian L matter . This means, that the perfect fluid description and the equation of state have to be calculated in the Jordan frame, which represents the physical frame, and then transformed with the help of A(φ) into the Einstein frame. The explicit transformation is found in [80, 81, 82] . In this theory the scalar field possesses a mass determined by the coupling parameterã, m φ = 1/ √ 6ã. The limitã → ∞ then leads to m φ = 0, which corresponds to a particular subclass of massless Brans-Dicke theories. In the limitã → 0 the mass of the scalar field tends to infinity, and the theory tends to GR. Based on the Ansatz for spherically symmetric neutron stars, Eqs. (1)- (4), one first obtains numerically the configurations for various EOSs. In R 2 gravity in the Einstein frame the neutron stars possess a non-trivial scalar field that extends from the center of the star up to infinity. However, when the field is massive, it decays exponentially towards infinity. The more massive the field the more damped it is. The properties of neutron stars in R 2 gravity have been studied in [80, 81, 82, 83] .
Typically, the resulting neutron star models are not very different from their GR counterparts. This is demonstrated in Fig. 6 , where we show as an example the mass-radius relation for a particular EOS (here SLy) and several values of the coupling constant a. The larger the value of a, the stronger the scalar field grows, and the more the mass-radius relation changes as compared to GR.
Let us now turn to the quasinormal mode spectrum for axial perturbations, first studied in [84] . In Fig. 7 we show the frequency (left) and the damping time (right) versus the parameter a =ã/(1.49 km), where we fix the mass of the neutron star to 2 M , and present the modes for three realistic EOSs: Sly in brown with crosses, APR4 in green with squares, BHZBM in purple with circles.
When a → 0 the configurations tend to the pure GR solution, and when a → ∞, to a massless Brans-Dicke theory, for which the deviation from GR becomes maximal. However, the figure shows, that the same value of the frequency or the damping time can be obtained for different combinations of the parameter a and the EOS. For instance, in the left panel we can get any frequency between 6.8 kHz and 7.3 kHz by tuning the EOS and the parameter a. In the right panel we can get any damping time between 50 µs and 60 µs. Including more EOSs makes the degeneracy only worse. Hence a priori we cannot distinguish the effect of the gravitational theory (subject to the choice of value of a), from the effect of the properties of the high density matter (subject to the choice of the EOS).
In order to (almost) remove the matter dependence, we now construct scaled relations using the spectrum and the global quantities of the stars such as their total mass and their radius R s [85, 86, 87, 88, 89] . These relations then constitute a set of universal relations for the neutron stars. In Fig. 8 we show the scaled spectrum versus the compactness M/R s of the neutron stars. The left panel exhibits the frequency ω R scaled by the radius R s and the right panel the damping time τ scaled by the mass.
The figure contains the data for ten different EOSs containing purely nuclear matter (SLy [90] , APR4 [91] ), hyperon matter (BHZBM [92] , GNH3 [93] , H4 [94] , WCS1-2 [95] ), and a mixture of quark and nuclear matter (ALF2-4 [96] , WSHPS3 [97] ). Note, that for the EOSs we follow the nomenclature introduced in [89, 57, 58, 84, 98] .
Moreover, the data is divided in three sets for three values of the coupling constant a, shown in black for GR, in purple for a = 10 and in orange for a = 10 5 . Each of these sets is ) for three values of the coupling a, using black for GR, purple for a = 10, and orange for a = 10
5 . The solid lines correspond to quadratic fits (grey for GR, blue for a = 10 and red for a = 10 5 ). In the bottom panels the difference between the fits and the data is shown, with F denoting the corresponding scaled quantity in the panel above.
fitted by a certain quadratic relation of the form
shown by the grey curve for GR, the blue curve for a = 10, and the red curve for a = 10 5 . Figure 8 shows, that these fits present a dependence with the coupling a. The respective values of the fit parameters are given in [84] . The deviation of each data set from the corresponding universal relation given by the respective fit is typically of the order of 10%, as seen in the lower panels of the figure.
The phenomenological universal relations (37)- (38) show that the deviation from GR depends on the value of the compactness. This has some potential utility in order to derive constraints on the parameter a of the theory and/or properties of the stars, once observations of neutron star ringdowns can be done with high enough accuracy. In an ideal scenario, the a parameter could be constrained by future gravitational wave observations. In order to do so, in addition to the frequency and the damping time, the mass and radius of the star need to be known with high enough accuracy. With the knowledge of these quantities, it would then be possible to test the previous asteroseismology relations. From our current results we estimate that the frequency or the damping time need to be known with at least 10% accuracy in order to be able to test deviations from GR.
But even if the precision is not sufficient to test deviations from GR, the universal relations could be useful in order to constrain the stellar parameters of a star. For instance, with the ratio between ω R and ω I , one could impose constraints on the compactness of the star, which is related to the EOS.
Let us emphasize that so far we have only considered the case of axial modes. However, a full study of the asteroseismology relations has to include the polar part of the spectrum as well [99, 86, 87, 88] . This part of the spectrum will presumably include new modes related to the presence of a scalar field (in a way, similar to the results discussed for black holes in the previous section). A combination of the universal relations of axial and polar modes, including scalar modes, could then be used to constrain both the range of the parameter of the theory and the EOS.
The polar quasinormal modes and more specifically the fundamental f -modes of neutron stars in R 2 -gravity were studied until now only in the Cowling approximation [100] . Even though this approximation leads to large deviations in the QNM frequencies, it simplifies the problem a lot and can give us a good intuition about the qualitative and even quantitative differences between GR and the corresponding alternative theory of gravity. The results in [100] show that the differences in the mode oscillation frequencies coming from the R 2 modification of gravity are non-negligible and larger than the equation of state uncertainties, but still too small to be observed even by the current gravitational wave detectors. Of course, in order to obtain the full picture of the problem one should drop the Cowling approximation and consider the metric and the scalar field perturbations as well. This is work in progress.
Scalar-tensor theories
Let us now present results on the quasinormal modes of neutron stars obtained in a different class of theories, leading to scalarized neutron stars [29] . While the model we consider is similar to (35) , with
it does not have a potential for the scalar field and the coupling function A(φ) is chosen to possess a quadratic next-to-leading order term,
In this case the GR neutron stars remain solutions of the theory. However, similarly to the case of the scalarized black holes discussed in subsection 3.2, neutron stars with a non-trivial scalar field bifurcate at certain points from the GR solutions. This is known as spontaneous scalarization of neutron stars [34, 35, 29, 36, 37] . Various properties of spontaneously scalarized neutron stars have been studied in the literature [29, 36, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110, 111] . In Fig. 9 we present a typical mass-radius diagram for neutron stars in the above theory for β = −4.5, and employing the SLy EOS. The axial quasinormal modes of the neutron star models obtained with the above coupling function A(φ) for several values of β have been studied for the first time in [112] . These results were later extended in [113] for an alternative 'quadratic' coupling function. In addition to all the EOSs employed in the previous subsection for R 2 gravity, several more EOSs have been employed, corresponding to three new equations proposed recently by Paschalidis et al. [114] for hybrid nuclear-quark stars, and a simple polytropic EOS [113] .
The results for the axial l = 2 quasinormal modes are shown in Fig. 10 , which includes all the data for the various EOSs, presenting the GR results (black), and the STT results (orange) for β = −4.5. This value of β is close to the maximum value allowed by the observations of the binary pulsar PSR J1738+0333 [115] for massless scalar fields [116] .
Interestingly, the axial quasinormal modes are not very sensitive to the presence of scalarization in the neutron stars. Note, that in Fig. 10 both the scaled frequency and the scaled damping time do not deviate strongly from the GR results. In other words, the variation of the modes (scaled or unscaled) resulting from changing the EOS is of the same order of magnitude as the variation introduced by the presence of a scalar field. The particular values and forms of the universal relations can be found in [113] (here universal relations between the modes and the moment of inertia of the neutron stars are also studied with similar results).
In this case the universal relations cannot realistically allow us to distinguish between GR and scalarized neutron stars. However, since the universal relations are rather independent of the theory, they can be used to obtain information on the properties of neutron stars. For example, from the ratio ω R /ω I the compactness of the star could be derived [117] . This could potentially be used together with additional measurements of the mass or radius of a βφ 2 and β = −4.5 (orange). The solid lines (grey) correspond to a quadratic fit. In the bottom panels the difference between the fits and the data is shown, with F denoting the corresponding scaled quantity in the panel above. star to constrain the EOS.
The polar f -modes of neutron stars in scalar-tensor theories of gravity were examined in [118] in the nonrotating case. As a matter of fact this was the first study of QNMs of neutron star in alternative theories of gravity in general. The calculations were performed in Cowling approximation, similar to the R 2 -gravity case discussed above. The results show that the frequencies of scalarized neutron stars can deviate a lot from pure GR for small enough values of β, but if one imposes the observational constraints, i.e. β > −4.5, the differences are very small, within the equation of state uncertainties, similar to the case of axial modes.
Another interesting case of neutron star oscillations in scalar-tensor theories of gravity was considered in [119] where the torsional oscillations were examined. The studies showed that the effect of scalarization on the mode frequencies is again smaller than the uncertainties from the microphysics. Thus, the observation of quasi-periodic oscillations following giant flares can be used in order to constrain the neutron star crust models, independently of whether spontaneous scalarization occurs or not.
From the above overview of the literature one can conclude that for the values of β that are in agreement with the binary pulsar observations, the non-rotating neutron star QNM frequencies and damping times cannot be used to set further constraints on the scalar-tensor theories of gravity since the deviations from pure GR are completely within the EOS uncertainties. This is not the case, though, if we consider rapid rotation close to the Kepler (mass shedding) limit. Then the scalarization can lead to non-negligible effects in the neutron star properties even for β > −4.5 [106] . With this motivation in mind the f -mode oscillation frequencies and damping times of rapidly rotating neutron stars were studied in the Cowling approximation [120] with a special emphasis on the rotational driven ChandrasekharFriedman-Schutz (CFS) instability [121, 122] , that is a secular instability which develops due to the emission of gravitational waves. The results showed that the presence of nontrivial scalar field indeed influences significantly the f -mode frequencies and damping times even for β > −4.5. On one hand the scalarization facilitates the development of the CFS instability by reducing the threshold value of the normalized angular momentum where this instability starts to operate but on the other hand the growth time of the instability increases compared to pure general relativity which hinders the gravitational wave emission.
Non-minimal derivative coupling in Horndeski gravity
So far we have considered neutron stars in a particular type of STT. However, one can also go to a set of more general STTs, containing only second order derivatives in the field equations, possessing no ghosts and satisfying global hyperbolicity, as formulated by Horndeski [38] , and related to covariant Galileon gravity in four dimensions [39, 40] . Neutron stars in Horndeski and beyond Horndeski gravity have been studied in the literature in [123, 124, 125] .
One particular set of such theories is known as the non-minimal derivative coupling sector of Horndeski theory. The post-Newtonian analysis reveals that this set of Horndeski theories is very constrained by solar system tests [126] . In the special case addressed here, the corresponding action then reduces to [127] 
where G µν is the Einstein tensor. Interestingly, the theory possesses asymptotically flat neutron stars that could be astrophysically relevant [128, 129] . Outside the neutron star the scalar field vanishes, and the metric coincides with a GR vacuum solution. But the interior of the neutron star contains a non-trivial scalar field that couples to gravity and matter. This modifies the matter distribution and the global properties of the configuration. In Fig. 11 we show a typical mass-radius relation for static and spherically symmetric configurations in the above Horndeski model for the EOS Sly, and compare it to the corresponding GR relation [127] . Note, that the deviation in terms of mass and radius from GR is not very large.
However, the quasinormal mode analysis of the axial channel reveals that the spectrum of the star is much more strongly influenced by the presence of the scalar field [127] . For instance, the damping times of the scalarized stars with the largest masses are considerably shorter than the corresponding damping times of GR configurations.
In Fig. 12 we show the universal relations for the axial quasinormal modes for this particular Horndeski theory. The left panel demonstrates that the scaled frequency of the Hence we conclude that in this particular model the presence of a scalar field has a more pronounced effect than in the above discussed STT model, even though the scalar field is now only localized inside the neutron star, while vanishing completely outside the star and modifying the mass-radius relation only slightly.
Dilatonic-Einstein-Gauß-Bonnet theory
As a final example, let us come back to the dEGB theory with action (27) and coupling (33) . This theory also supports neutron stars with a dilatonic field. Such neutron star models have been studied in detail in [30, 68, 31] .
In Fig. 13 we show the typical mass-radius relation for neutron stars in this theory, employing the coupling constants α = 0.268 × 10 5 cm and β = 1, and comparing to GR. As shown before, the presence of the dGB term leads to a decrease of the maximum mass of the neutron star models.
The axial quasinormal modes of these configurations have been studied in [89] , employing the coupling constants α = 0.268 × 10 5 cm and β = 1, i.e., values within the current constraints for the theory. The analysis has shown that the presence of the dGB term leads to an increase of the frequency and of the damping time with respect to configurations of similar mass in GR.
In Fig. 14 we show the results for the scaled l = 2 fundamental axial modes. Here eight different EOSs are shown (see [89] ), both for dEGB and GR neutron stars. This result is somewhat similar to the one in subsection 4.2: the deviations in the universal relations for [127] ) for GR configurations (black) and the scalarized solutions (orange). The solid lines correspond to a quadratic fit for GR (grey) and the scalarized solutions (red). In the bottom panels the difference between the fits and the data is shown, with F denoting the corresponding scaled quantity in the panel above.
the different theories are of the same order of magnitude as the deviations due to a change in the EOS.
Conclusions and outlook
Compact astrophysical objects like black holes and neutron stars represent valuable testing grounds for alternative theories of gravity, since highly accurate observations of the physics in strong gravitational fields effectively augment solar system observations. Of particular importance here are the recent and future observations of gravitational waves together with the associated multi-messenger astronomy. The detection of gravitational waves emitted in the ringdown of a compact object, that has been created via a merger, offers a particularly promising tool to improve our understanding of gravity. Whereas GR predicts a relatively simple set of quasinormal modes of black holes, allowing only for quadrupole radiation, and showing in the case of static black holes even the phenomenon of isospectrality, and thus the same mode spectra for axial and polar modes, this may be very different for alternative theories of gravity.
Here we have addressed the quasinormal mode spectra for several alternative theories of gravity, which all include a scalar field, either from the beginning or after a reformulation. The presence of a scalar field, however, implies the emission of monopolar and dipolar radiation in addition to quadrupole radiation in the ringdown of black holes. Moreover, isospectrality is broken. We have demonstrated this by evaluating the normal mode spectra of dEGB black holes. The quasinormal mode spectra of neutron stars may appear in this connection, at first sight, as a less efficient means to draw conclusions on gravity theories, since the EOS dependence of the properties of neutron stars also concerns their quasinormal modes. However, the existence of universal relations of neutron star frequencies and damping times makes them still potentially rather useful to learn about various gravity theories.
Our analysis of quasinormal modes of neutron stars in alternative theories of gravity has so far focused on the axial modes, which are much easier to obtain than the polar modes, since the perturbations of the scalar field and the nuclear matter are decoupled. Thus only the metric perturbations alone must be analyzed. But this analysis has already brought forward some interesting observations for some of the theories studied here. For instance, the universal relations show a quite noticable dependence on the parameter a in R 2 theory, and a very notable differing dependence in Horndeski theory.
Certainly, the next step is to thoroughly analyze the quasinormal modes for the case of the polar modes. Here, as in the case of the black holes, also for the neutron stars new channels due to the scalar field will be present. However, since the polar modes include the perturbations of the stellar matter, a large variety of effects and deviations from the known modes of GR may arise in addition. Together these studies may then shed light both on the gravity theories and on the EOS.
Further into the future, we envisage to extend these investigations of quasinormal modes to the case of rotating black holes and neutron stars. The presence of rotation will make these studies technically considerably more challenging, but on the other hand it will allow a [89] ) for GR configurations (black) and the dEGB solutions (orange). The solid lines correspond to a quadratic fit for GR (grey) and the scalarized solutions (red). In the bottom panels the difference between the fits and the data is shown, with F denoting the corresponding scaled quantity in the panel above.
much wider application concerning astrophysical and gravitational wave observations, which typically include rotating compact objects.
